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Abstract
Connes’ pseudodifferential calculus on noncommutative n-tori [1] is a very

powerful tool in noncommutative geometry. It allows us to derive heat kernel
expansions of geometric operators on noncommutative tori, and geometric in-
formation such as curvature can be decoded from this expansion (see, e.g.,
[2, 3, 4, 6, 7]). However, detailed proofs of the main results of Connes’ pseu-
dodifferential calculus have still not appeared anywhere. The aim of this poster
is to present an approach to fill this gap. We also announce some results on
traces on pseudodifferential operators on noncommutative tori. This is joint
work with Hyun-su Ha and Raphaël Ponge.

1 Noncommutative Tori
Let θ ∈Mn(R), n ≥ 2 be a skew-symmetric matrix. The noncommu-

tative torus Aθ arises from a deformation of the product on C∞(Tn).
It is a Fréchet ∗-algebra generated by n unitaries U1, . . . , Un such that

UjUk = e2πiθkjUkUj.

In what follows for k = (k1, . . . , kn) ∈ Zn denote by Uk the element
Uk11 · · ·U

kn
n of Aθ. Any u ∈ Aθ can be written in the form,

u =
∑
k∈Zn

ukU
k, (uk)k∈Zn ∈ S(Zn),

where S(Zn) is the space of rapidly decaying sequences.
The noncommutative torus Aθ carries an action of Rn determined by
αs(U

k) = eis·kUk, s ∈ Rn, k ∈ Zn. This action gives rise to deriva-
tions δ1, . . . , δn : Aθ → Aθ given by

δj(Uk) = δjkUk, j, k = 1, . . . , n.

There is a unique normalized trace τ on Aθ given by
τ (
∑
k∈Zn ukU

k) = u0. We denote by H the Hilbert space obtained
as the completion of Aθ with respect to the inner product 〈u, v〉H :=
τ (v∗u), u, v ∈ Aθ.

Let ‖·‖ be the norm on Aθ defined by ‖u‖ := sup‖v‖H=1 ‖uv‖H.
Then we endow Aθ with the Fréchet-Montel space topology gener-
ated by the seminorms u → ‖δαu‖, where δα := δα1

1 · · · δ
αn
n and

α = (α1, . . . , αn) ranges over Nn0 .

2 Amplitudes and Oscillating Integrals
Definition 2.1.Am(Rn × Rn;Aθ), m ∈ R, consists of maps a(s, ξ) ∈
C∞(Rn × Rn;Aθ) such that, for all α, β, γ ∈ Nn0 , there is Cαβγ > 0
such that

(2.1) ‖δα∂βs ∂γξ a(s, ξ)‖ ≤ Cαβγ(1 + |s|+ |ξ|)m ∀(s, ξ) ∈ Rn×Rn.

We endow Am(Rn × Rn;Aθ) with the Fréchet space topology gen-
erated by the seminorms given by the best constants Cαβγ in the esti-
mates (2.1).

For a(s, ξ) ∈ Am(Rn × Rn;Aθ) with m < −2n, define J0(a) :=∫∫
eis·ξa(s, ξ)dsd̄ξ. Let χ ∈ Cc(Rn × Rn) be such that χ = 1 near the

origin and set L := χ(s, ξ) +
1−χ(s,ξ)
|s|2+|ξ|2

∑n
j=1(ξjDsj + sjDξj). Then we

have L(eis·ξ) = eis·ξ. Moreover, for every m ∈ R, the transpose oper-
ator Lt gives rise to a continuous linear map from Am(Rn × Rn;Aθ)
to Am−1(Rn × Rn;Aθ).
Proposition 2.2 ([8]). There is a unique linear map a → J(a) from
A∞(Rn × Rn;Aθ) := ∪m∈RAm(Rn × Rn;Aθ) to Aθ such that
(1) It restricts to a continuous map onAm(Rn×Rn;Aθ) for allm ∈ R.
(2) For all a(s, ξ) ∈ ∪m<−2nA

m(Rn × Rn;Aθ), we have

J(a) = J0(a) =

∫∫
eis·ξa(s, ξ)dsd̄ξ.

(3) If a(s, ξ) ∈ Am(Rn × Rn;Aθ), m ∈ R, we have

J(a) =

∫∫
eis·ξ(Lt)Na(s, ξ)dsd̄ξ,

where N is any integer N > m + 2n.

3 Symbols and ΨDOs on Aθ
Definition 3.1. (1) Sm(Rn;Aθ), m ∈ R, consists of maps ρ(ξ) ∈

C∞(Rn;Aθ) such that, for all α, β ∈ Nn0 , there exists Cαβ > 0
such that

(3.1) ‖δα∂βξ ρ(ξ)‖ ≤ Cαβ(1 + |ξ|)m−|β| ∀ξ ∈ Rn.

(2) Sm(Rn × Rn;Aθ), m ∈ R, consists of maps σ(s, ξ) ∈ C∞(Rn ×
Rn;Aθ) such that, for all α, β, γ ∈ Nn0 , there exists Cαβγ > 0 such
that

(3.2) ‖δα∂βs ∂γξ σ(s, ξ)‖ ≤ Cαβγ(1+|ξ|)m−|γ| ∀(s, ξ) ∈ Rn×Rn.

We endow Sm(Rn;Aθ) (resp., Sm(Rn × Rn;Aθ)) with the Fréchet
space topology defined by the seminorms given by the best constants
Cαβ (resp., Cαβγ) in the estimates (3.1) (resp., (3.2)).
Definition 3.2. Sm(Rn;Aθ), m ∈ C, consists of smooth maps ρ :
Rn\0→ Aθ such that ρ(λξ) = λmρ(ξ) for all ξ ∈ Rn\0 and λ > 0.
Definition 3.3. Sm(Rn;Aθ), m ∈ C, consists of maps ρ(ξ) ∈
C∞(Rn;Aθ) that admit an asymptotic expansion ρ(ξ) ∼∑
j≥0 ρm−j(ξ), ρm−j(ξ) ∈ Sm−j(Rn;Aθ) in the sense that, for all

N ∈ N0 and α, β ∈ Nn0 , there exists CNαβ > 0 such that, for all
ξ ∈ Rn, |ξ| ≥ 1, we have

‖δα∂βξ (ρ−
∑
j<N

ρm−j)(ξ)‖ ≤ CNαβ|ξ|<m−N−|β|.

Let m ∈ R. As it turns out (cf. [8]), the map (ρ, u) → ρ(ξ)α−s(u)
gives rise to a continuous bilinear map from Sm(Rn;Aθ) × Aθ
to Am

+
(Rn × Rn;Aθ), where m+ := max{m, 0}. Let ρ(ξ) ∈

Sm(Rn;Aθ). We define a ΨDO Pρ : Aθ → Aθ by letting

Pρ(u) := J(ρ(ξ)α−s(u)), u ∈ Aθ.
Using Proposition 2.2 we obtain the following result.
Proposition 3.4 ([8]). Let m ∈ R. Then the map (ρ, u)→ Pρ(u) gives
rise to a continuous bilinear map from Sm(Rn;Aθ)×Aθ to Aθ.

Let m ∈ C. We denote by Ψm(Aθ) the space of ΨDOs associ-
ated with classical symbols of order m and we denote by Ψ−∞(Aθ)
the space of ΨDOs associated with symbols in S−∞(Rn;Aθ) :=
∩m∈RSm(Rn;Aθ).

4 Composition and Adjoints of ΨDOs
Given m1,m2 ∈ R, let σ(s, ξ) ∈ Sm1(Rn × Rn;Aθ) and ρ(ξ) ∈

Sm2(Rn;Aθ). Consider the smooth map σ\ρ : (Rn)3 → Aθ de-
fined by σ\ρ(ξ; t, η) := σ(t, ξ + η)α−t[ρ(ξ)], (ξ, t, η) ∈ (Rn)3. It
can be shown that σ\ρ(ξ; ·, ·) belongs to A|m1|+|m2|(Rn × Rn;Aθ) for
all ξ ∈ Rn. We then form the map σ#ρ from Rn to Aθ defined by
σ#ρ(ξ) := J(σ\ρ(ξ; ·, ·)), ξ ∈ Rn.

As it turns out (cf. [8]), the map (σ, ρ) → σ#ρ gives rise to a
continuous bilinear map from Sm(Rn × Rn;Aθ) × Sm(Rn;Aθ) to
Sm(Rn;Aθ). Since there is a continuous inclusion Sm(Rn;Aθ) ↪→
Sm(Rn × Rn;Aθ), we see that # induces a continuous bilinear map
from Sm(Rn;Aθ)× Sm(Rn;Aθ) to Sm(Rn;Aθ).
Theorem 4.1 ([8]). Let P ∈ Ψm1(Aθ) and Q ∈ Ψm2(Aθ). Then PQ ∈
Ψm1+m2(Aθ). Moreover, if P has symbol ρ(ξ) ∼

∑
j≥0 ρm1−j(ξ) and

Q has symbol σ(ξ) ∼
∑
j≥0 σm2−j(ξ), then PQ has symbol ρ#σ(ξ)

and we have
ρ#σ(ξ) ∼

∑
α

1

α!
∂αξ ρ(ξ)δασ(ξ).

In particular, PQ has principal symbol ρm1(ξ)σm2(ξ).
Let ρ(ξ) ∈ Sm(Rn;Aθ), m ∈ R, and consider the double symbol
ρ†(s, ξ) ∈ Sm(Rn × Rn;Aθ) given by ρ†(s, ξ) := α−s(ρ(ξ)∗). We de-
note by ρ?(ξ) the symbol in Sm(Rn;Aθ) defined by ρ?(ξ) := ρ†#1(ξ).

Theorem 4.2 ([8]). Let P ∈ Ψm(Aθ). Then the formal adjoint P ∗ be-
longs to Ψm(Aθ). Moreover, if P has symbol ρ(ξ) ∼

∑
j≥0 ρm−j(ξ),

then P ∗ has symbol ρ?(ξ) and we have

ρ?(ξ) ∼
∑
α

1

α!
δα∂αξ ρ(ξ)∗.

In particular, P ∗ has principal symbol ρm(ξ)∗.

5 Ellipticity and Parametrices
Definition 5.1. Let P ∈ Ψm(Aθ) have symbol ρ(ξ) ∼

∑
j≥0 ρm−j(ξ).

Then P is elliptic when ρm(ξ) is invertible in Aθ for all ξ ∈ Rn\0.
Remark 5.2. If ρm(ξ) is invertible for all ξ ∈ Rn\0, then ρm(ξ)−1 ∈
C∞(Rn\0;Aθ).
Proposition 5.3 ([8]). An operator P ∈ Ψm(Aθ) is elliptic if and only
if there is Q ∈ Ψ−m(Aθ) such that PQ = QP = 1 modulo Ψ−∞(Aθ).

6 L2-Boundedness and Action on Sobolev
Spaces of ΨDOs

In what follows we endow the topological dual Aθ′ with its strong
topology.
Proposition 6.1 ([8]). Let P ∈ Ψm(Aθ). Then P uniquely extends to a
continuous linear map from Aθ′ to itself.

Let ∆ := δ2
1 + · · · + δ2

n be the (flat) Laplacian on Aθ. Then, for all
s ∈ R, the operator Λs := (1 + ∆)

s
2 is in Ψs(Aθ) and has symbol 〈ξ〉s.

Definition 6.2. The Sobolev space Hs, s ∈ R, consists of all u ∈ Aθ′
such that Λsu ∈ H.

The space Hs becomes a Hilbert space once equipped with the in-
ner product, 〈u, v〉Hs := 〈Λsu,Λsv〉H, u, v ∈ Hs. For s′ ≥ s there
is a continuous inclusion of Hs′ in Hs. Moreover, if s′ > s then the
inclusion mapHs′ ↪→ Hs is a compact operator.
Proposition 6.3 ([8]). Let P ∈ Ψm(Aθ), and set a = <m. Then
(1) P induces a continuous linear operator fromHs toHs−a for every

s ∈ R.
(2) If a ≤ 0, then P induces a bounded operator of L(H). This opera-

tor is compact when a < 0.
Proposition 6.4 ([8]). Let P ∈ Ψm(Aθ) be elliptic and set a = <m.
Given any u ∈ Aθ′, if Pu ∈ Hs, then u ∈ Hs+a.

7 Schatten Classes and Trace Formulas

For p > 0 the Schatten class Lp consists of operators T ∈ L(H) such
that Tr |T |p <∞.

Proposition 7.1. Let P ∈ Ψm(Aθ), <m < 0, and set p =
|<m|
n . Then

(1) P is in the Schatten class Lq for every q > p.
(2) If <m < −n and P has symbol ρ(ξ), then

Tr(P ) = τ (
∑
k∈Zn

ρ(k)).

The weak Schatten class Lp+ consists of compact operators T such
that µk(T ) = O(k

−1
p) as k →∞, where µk(T ) is the (k + 1)-th eigen-

value of |T | counted with multiplicity (cf. Sukochev’s lectures).

Theorem 7.2 ([8, 10]). Let P ∈ Ψm(Aθ), <m < 0, and set p =
|<m|
n .

(1) P is in the weak Schatten class Lp+.

(2) If m = −n, then, for every (continuous) normalized trace T on
L1+, we have

(7.1) T (P ) =
1

n
(2π)−n

∫
|ξ|=1

τ (ρ−n(ξ))dn−1ξ,

where ρ−n(ξ) is the principal symbol of P .
Remark 7.3. When n = 2 Fathizadeh-Khalkhali [5] proved the trace
formula (7.1) in the special case of Dixmier traces.

8 NC Residue and Traces on ΨDOs
Set ΨZ(Aθ) := ∪m∈ZΨm(Aθ) and SZ(Rn;Aθ) := ∪m∈ZSm(Rn;Aθ).
Given any symbol ρ(ξ) ∈ SZ(Rn;Aθ), we define the noncommutative
residue of Pρ by

ResPρ =

∫
|ξ|=1

τ (ρ−n(ξ))dn−1ξ,

where ρ−n(ξ) is the symbol of degree −n of ρ(ξ). We also set
Ψint(Aθ) := ∪<m<−nΨm(Aθ) and ΨC\Z(Aθ) := ∪m∈C\ZΨm(Aθ).

We can define holomorphic families of symbols and ΨDOs on Aθ
much like as in the commutative case.
Theorem 8.1 ([9]). (1) The standard trace Ψint(Aθ) 3 P → Tr(P ) has

a unique analytic extension P → TR(P ) to ΨC\Z(Aθ).
(2) Let P ∈ ΨZ(Aθ) and (P (z))z∈C a holomorphic family of

ΨDOs such that P (0) = P and ordP (z) = z + ordP . Then
z → TR[P (z)] has at worst a simple pole singularity near z = 0
such that

Resz=0 TR[P (z)] = −ResP.

(3) TR and Res are trace functionals on ΨC\Z(Aθ) and ΨZ(Aθ), re-
spectively.

Remark 8.2. In (2) we may take P (z) = P (1 + ∆)
z
2.

Proposition 8.3 ([10]). Every trace functional on ΨC\Z(Aθ) (resp.,
ΨZ(Aθ)) is a constant multiple of TR (resp., Res).
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